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A linkage among whole-stand model, individual-tree 
model and diameter-distribution model
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ABSTRACT: Stand growth and yield models include whole-stand models, individual-tree models and diameter-distri-
bution models. In this study, the three models were linked by forecast combination and parameter recovery methods 
one after another. Individual-tree models combine with whole-stand models through forecast combination. Forecast 
combination method combines information from different models, disperses errors generated from different models, 
and then improves forecast accuracy. And then the forecast combination model was linked to diameter-distribution 
models via parameter recovery methods. During the moment estimation, two methods were used, arithmetic mean 
diameter and quadratic mean diameter method (A-Q method), and arithmetic mean diameter and diameter variance 
method (A-V method). Results showed that the forecast combination for predicting stand variables outperformed over 
the stand-level and tree-level models respectively; A-V method was superior to A-Q method on estimating Weibull 
parameters; these three different models could be linked very well via forecast combination and parameter recovery.
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In forest management, forest growth and yield 
models play a very important role in studying for-
est growth processes and predicting forest growth. 
Forest growth and yield models can be classified 
into three broad categories: whole-stand models, 
individual-tree models, and diameter-distribu-
tion models (Munro 1974). Whole-stand models 
are models that use the stand as a modelling unit 
(Curtis et al. 1981; Li et al. 1988; Tang et al. 1993; 
Wei 2006), whereas individual-tree models take 
the individual tree as a studied object (Zhang et 
al. 1997; Cao 2000; Cao et al. 2002; Zhang, Lei 
2009). Diameter-distribution models, in contrast, 
use statistical probability functions, such as the 
Weibull function (Bailey, Dell 1973; Meng 1988; 
Liu et al. 2004; Newton et al. 2005), beta func-
tion (Gorgoso-Várela et al. 2008) or SB function 
(Wang, Rennolls 2005). There are strengths and 
weaknesses of each type of model. Whole-stand 

models can predict stand variables directly, but 
they lack detailed tree-level information. On the 
other hand, individual-tree models provide more 
detailed information, and diameter-distribution 
models offer the stand diameter structure, but 
stand-level outputs from these two types of mod-
els often suffer from an accumulation of errors and 
subsequently poor accuracy and precision (Meng 
1996; Garcia 2001; Qin, Cao 2006).

For further studying forest growth models, for-
esters proposed that these three types of models 
should be considered to link one model to another 
rather than being used completely separately. The 
parameter-recovery method was used to link the 
whole-stand model to the diameter-distribution 
model (Hyink, Moser 1983; Lynch, Moser 1986) 
and the individual-tree model to the diameter-
distribution model (Bailey 1980; Cao 1997). A 
linkage between the whole-stand model and the 
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individual-tree model was established by the disag-
gregation method and forecast combination meth-
od to improve accuracy and compatibility (Zhang 
et al. 1993; Ritchie, Hann 1997; Qin, Cao 2006; 
Yue et al. 2008). However, to our knowledge, no 
rigorous linkage among the three types of models 
has been documented so far. The objective of this 
study was to link three different models by the fore-
cast combination method and parameter-recovery 
method one after another. 

MATERIAL AND METHODS

The data, provided by the Inventory Institute of 
Beijing Forestry, consisted of a systematic sample 
of permanent plots with a 5-year re-measurement 
interval. The plots, 0.067 ha each, were in Chinese 
pine (Pinus tabulaeformis) plantations situated on 
upland sites throughout northwestern Beijing. The 
data consisted of 156 measurements, with a 5-year 
re-measurement interval, obtained in the follow-
ing years: 1986, 1991, 1996 and 2001. In this study, 
106 plots were used in model development, and 

Table 1. Distributions of plots 

Measurement time Fit data Validation data Total

1986–1991 27 12 39

1991–1996 37 17 54

1996–2001 42 21 63

Total 106 50 156

Table 2. Statistics of stand variables and tree variable

Variables
Fit data Validation data

Min Max Mean SD Min Max Mean SD

Age (years) 11 55 30 8.12 13 60 30 8.81

Dominant height (m) 0.4 17.4 6.87 2.50 2.7 17.4 7.08 3.10

No. of trees (trees·ha–1) 238.73 2283.58 1199.63 526.81 238.81 2089.55 1178.98 469.66

Quadratic-mean diameter (cm) 5.76 17.33 10.77 2.46 5.70 17.86 10.76 2.90

Arithmetic-mean diameter (cm) 5.73 17.01 10.33 2.30 5.66 17.43 10.40 2.79

Min-diameter (cm) 5 10.1 5.50 0.87 5 9.7 5.66 1.07

Stand basal area (m2·ha–1) 0.80 33.10 11.21 6.31 0.61 28.06 10.87 6.14

Diameter at breast (cm) 5 36.8 10.46 3.91 5 30.9 10.05 3.48

SD – standard deviation

another 50 plots for validation. Table 1 shows the 
distribution of plots. Summary statistics for both 
data sets are presented in Table 2.

Cao (2002) developed a variable rate method to 
predict annual diameter growth and survival for an 
individual tree. This method was based on the fact 
that rates of survival and diameter growth vary from 
year to year. Stand-level growth and survival were 
also treated in a similar manner (Ochi, Cao 2003).

Because the quadratic mean diameter (Dg) is 
equal to or greater than the arithmetic mean diam-
eter (Dm) (Curtis, Marshall 2000), the arithme-
tic mean diameter was modelled using the equation 
(Diéguez-Aranda et al. 2006):

Dm = Dg – Exp(Xδ)                   		     (1)

where: X is the vector of stand variables (e.g. dominant 
height, stand age and stand density) and δ is the vector 
of parameters to be estimated. 

The variable rate method was used in this study. 
Annual changes in dominant height, stand sur-
vival, quadratic mean diameter, arithmetic mean 
diameter, diameter standard deviation, minimum 
diameter, stand basal area, diameter, and survival 
probability were described in recursive manner 
(Ochi, Cao 2003; Qin et al. 2007; Cao, Strub 
2008). Table 3 lists the stand-level and tree-level 
growth equations.

Estimates of individual-tree diameters at age t+q 
were obtained by the tree diameter growth model 
(equation 13.h) and then TgD̂gT, TmD̂mT and TsdD̂sdT were 
calculated for each plot at age t+q. Stand survival 
was calculated with tree survival probability.
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Table 3. List of the recursive stand-level and tree-level growth equations.

Rt = (10,000 /Nt)
0.5/Ht = the relative spacing at age At, q = length of growth period in years (in this case, q = 5), Ht= dominant 

height in m at age At, Nt = number of trees per ha at age At, Dgt = quadratic mean diameter in cm at age At, Dmt = arithmetic 
mean diameter in cm at age At, Bt = stand basal area in m2·ha–1 at age At, Dsdt = diameter standard deviation in cm at age 
At, Dmint  = minimum diameter in cm at age At, Di,t = diameter of tree i at age At, pi,t+1 = probability that tree i is survived 
the period for age At to At+1, α1, α2, ..., μ4= parameters to be estimated

Year (t+1) 

)]/)(/1()()/[( 321111 tttttttt HAAAHLnAAExpH ααα ++−+= +++  (12.a) 

)]}(/)[/1()()/{( 321111 tttttttt NLnAAANLnAAExpN βββ ++−+= +++  (12.b) 

)]/)(/1()()/[( 321111 tttttttt HAAADgLnAAExpDg χχχ ++−+= +++   (12.c) 

])(//[ 5432111 tttttt DmHNLnAExpDgDm δδδδδ ++++−= ++   (12.d) 

)]}(/)[/1()()/{( 321111 tttttttt NLnHAABLnAAExpB φφφ ++−+= +++  (12.e) 

)]}()()[/1()()/{( 321111 tttttttt NLnHLnAADsdLnAAExpDsd γγγ ++−+= +++   (12.f ) 

)]}(//)[/1()min()/{(min 321111 tttttttt NLnAAADLnAAExpD κκκ ++−+= +++   (12.g) 

)](///[ ,543121,1, titttttiti DLnRsBAAExpDD λλλλλ +++++= ++  (12.h) 

1
43211, )]}(/)(//[1{ −

+ ++++= ttttti NLnDgLnDAExpP μμμμ   (12.i) 

Year (t + q) 

)]/)(/1()()/[( 13121111 −+−++−+−++−++ ++−+= qtqtqtqtqtqtqtqt HAAAHLnAAExpH ααα  (13.a) 

)]}(/)[/1()()/{( 13121111 −+−++−+−++−++ ++−+= qtqtqtqtqtqtqtqt NLnAAANLnAAExpN βββ   (13.b) 

)]/)(/1()()/[( 13121111 −+−++−+−++−++ ++−+= qtqtqtqtqtqtqtqt HAAADgLnAAExpDg χχχ  (13.c) 

)])(//[ 151413121 −+−+−+−+++ ++++−= qtqtqtqtqtqt DmHNLnAExpDgDm δδδδδ  (13.d) 

)]}(/)[/1()()/{( 13121111 −+−++−+−++−++ ++−+= qtqtqtqtqtqtqtqt NLnHAABLnAAExpB φφφ   (13.e) 

)]}()()[/1()()/{( 13121111 −+−++−+−++−++ ++−+= qtqtqtqtqtqtqtqt NLnHLnAADsdLnAAExpDsd γγγ   (13.f ) 

)]}(//)[/1()min()/{(min 13121111 −+−++−+−++−++ ++−+= qtqtqtqtqtqtqtqt NLnAAADLnAAExpD κκκ  (13.g) 

)](///[ 1,514131211,, −+−+−++−+−++ +++++= qtiqtqtqtqtqtiqti DLnRsBAAExpDD λλλλλ   (13.h) 

1
14113121, )]}(/)(//[1{ −
−+−+−+−++ ++++= qtqtqtqtqti NLnDgLnDAExpP μμμμ   (13.i) 
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Since cross-equation correlations existed among er-
ror components of the above models, to eliminate the 
bias and inconsistency of the regression system (equa-
tion a–h), the method of seemingly unrelated regres-
sion (SUR) was used to simultaneously estimate the 
regression system (equation a–h). This method was 
widely used in econometrics (Johnson 1991) and 
in forest biometrics (Borders, Bailey 1986; Bor-
ders 1989; Ochi, Cao 2003). The fitting procedure 
involved the use of option SUR of the SAS procedure 
model. Parameters of the tree survival equation were 
separately estimated by use of NLIN procedure.

Forecast combination
Forecast combination, introduced by Bates and 

Granger (1969), is a good method for improv-
ing forecast accuracy (Newbold et al. 1987). The 
method combines information generated from dif-
ferent models and disperses errors from these mod-
els, thus improves consistency for outputs from 
different models. Yue et al. (2008) and Zhang et 
al. (2009) applied forecast combination to combine 
models from stand-level and tree-level. The fore-
cast combination model is expressed as follows:

YC = ωYT + (1–ω)YS           	                           (2)

Thus, the variance of the forecast combination is 
as follows: 

σC
2   = ω2σT

2  + (1–ω)2σS
2  + 2ω(1–ω)σTS         (3)

According to the method of calculating weights, 
a variance and covariance method was used broad-
ly (Zhang et al. 2006; Yue et al. 2008):

2
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where: 
CY 	 – combined estimates of stand variables,
TY  – estimates of stand variables at tree-level,
SY  – estimates of stand variables at stand-level,

w  – weight factor,
2
Tσ  – variance of stand variables at tree-level,
2
Sσ  – variance of stand variables at stand-level,

σTS	 – covariance of stand variables between the tree-
level and stand-level.

Parameter-recovery method
The Weibull function has been extensively ap-

plied in forestry because of its flexibility in describ-
ing a wide range of unimodal distributions and the 
relative simplicity of parameter estimation (Bailey, 
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Dell 1973; Kangas, Maltamo 2000; Mabvuri-
ra et al. 2002; Lei 2008). The Weibull probability 
density function is expressed as follows:

 					           (a ≤ x ≤ ∞)  (6)

where:  
x – diameter at breast height,  
a – the location parameter,  
b – the scale parameter,  
c – the shape parameter.

Moment estimation is one of the methods about 
parameter recovery for estimating Weibull param-
eters and has been used broadly (Liu et al. 2004; 
Lei 2008). Considering that the location parameter 
(a) must be smaller than the predicted minimum 
diameter ( minD̂ ) in the stand, we set min

ˆ5.0 Da =  
since Frazier (1981) found that this resulted in 
minimum errors in terms of goodness of fit.

Two methods were used to recover b and c in the 
moment estimation. Method 1 is arithmetic mean 
diameter (D̂m) and quadratic mean diameter (D̂g) 
method (A-Q method) as follows (Liu et al. 2004):

    					                       (7)

where: Г1 = Г(1 + 1/c), Г2 = Г(1 + 2/c).

Method 2 is arithmetic mean diameter and di-
ameter variance ( ˆ varD ) method (A-V method) 
(Diéguez-Aranda et al. 2006; Qin et al. 2007). A 
possible problem of method 1 is that D̂g might be 
too close to or too far from D̂m, and can even be 
smaller than D̂m  if not properly constrained. The 
resulting Weibull parameters are sensitive to the 
difference betweenD̂m  and D̂g, resulting in un-
stable estimators of b and c. The A-V method is ex-
pressed as follows:

 
                      (8) 

Finally, the forecast combination combines stand 
variables from tree-level and stand-level models to 
predict ˆ CDg , ˆ CDm , ˆ CDsd , ˆ minCD  and ˆ CN ; and then Weibull 
parameters b and c were estimated using the stand 
variables of the forecast combination models based on 
the two moment methods (equations 7 and 8). More 
detailed procedures of this study are shown in Fig. 1.

Model evaluation 
Model evaluation was performed for both growth 

models and goodness of fit for the diameter distri-
bution model. For growth models, the following 
evaluation statistics were calculated:
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R-square

R2 = 1–∑(yi–ŷi)
2 / ∑ (yi–ŷi)

2     	                 (9)

Log Likelihood

–2ln(L) = –2{∑piln(pi) + ∑(1–pi)ln(1–pi)}	 (10)

and the evaluation of goodness of fit is error index 
(e), expressed as follows (Reynolds et al. 1988; Liu 
et al. 2004):

∑ −=
m

j
jj OPe                    		             (11)

where:
yi		 – observed value at age qtA + of stand variables 

(arithmetic mean diameter, quadratic mean 
diameter, diameter standard deviation, mini-
mum diameter or number of trees) or diameter 
of tree i,

ˆiy , iy 	 – predicted value and average of yi, respectively,
pi 	 – probability of tree i survival,
m 	 – number of classes for each plot,
Pj 

, Oj	 – the predicted and observed number of trees per 
plot within each diameter class j, respectively. 

RESULTS AND DISCUSSION

The estimates and standard deviation errors of 
parameters of the different growth models are pre-
sented in Table 4. The estimates and standard de-
viation errors showed that all the parameters were 
significant (P-value < 0.0001), and R2 values were 
0.9266, 0.8983, 0.8787, 0.5392, 0.8802 and 0.9148 
for the quadratic mean diameter model, arithmetic 
mean diameter model, diameter standard deviation 
model, minimum diameter model, stand survival 
model and diameter growth model at the stand lev-
el, respectively. Log-likelihood of the tree survival 
model was –782.104. 

Table 5 summarizes the gains in efficiency of stand 
variable models from tree-level, stand-level and 
forecast combination (e.g. Yue et al. 2008). For the 
data subset used for fitting the models, the efficiency 
for the combined quadratic mean diameter estima-
tor was 100, as compared to 100.83, 104.38 for the 
tree-level and stand-level, and 2

Cσ  for the combined 
estimator was 0.3977 versus 0.4010, 0.4151; the ef-
ficiency for the arithmetic mean diameter was 100, 
as compared to 97.99, 119.03, and 2

Cσ  was 0.4219 
vs. 0.4134, 0.5022; the efficiency for the diameter 
standard deviation was 100, as compared to 105.11, 
103.03, and 2

Cσ  was 0.0958 versus 0.1007, 0.0987; 
the efficiency for the minimum diameter was 100, 

–
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as compared to 121.77, 101.57, and 2
Cσ  was 0.3749 

versus 0.4565, 0.3808; the efficiency for the stand 
survival was 100, as compared to 111.91, 100.015, 
and 2

Cσ  was 26,494.03, versus 29,648.46, 26,535.09. 
Overall, except one, the combined estimators were 
better than those from tree-level and stand-level 
models for both fit and validation data. The only 
exception was the arithmetic mean diameter model 
for the fit data. Fig. 2 illustrates the relationships be-
tween the observed quadratic mean diameter and 
predicted value by the three models for the valida-
tion data. It is obvious that the forecast combination 
achieved the beneficial effect of the highest value R2 
(taking quadratic mean diameter as an example). 
The combined predictions were based on the opti-
mal weights which are derived by the variance-co-
variance method (Newbold, Grander1974) of the 

two respective level models. Therefore, these esti-
mators performed minimum variance and high pre-
cision (Bates, Grander 1969; Jeong, Kim 2009) in 
comparison with the single levels. 

Table 6 shows the average values and standard de-
viations of error index (e) calculated by two different 
moment estimation methods. For the data subset 
used for fitting the models, the average error index 
value for A-Q method was 509.7407, as compared to 
442.1898 for A-V method. SD was 285.1731 versus 
254.4337. Obviously, the average error index value 
and SD of A-V method are much smaller than those 
of A-Q method for both fit and validation data, re-
spectively. And in the fit data, Weibull parameters 
of all plots (106 plots) were estimated based on A-V 
method. But parameters of only 96 plots were esti-
mated by A-Q method. It means that parameters of 

Table 4. Parameter estimates and model evaluation

Attribute Parameter Estimate SE R2

Quadratic – mean diameter (cm) 
(equation13.c)

χ1 3.3940 0.0191

0.9266χ2 –10.5788 0.3026

χ3 0.0094 0.0015

Arithmetic – mean diameter (cm) 
(equation 13.d)

δ1 –3.9549 0.1169

0.8983

δ2 –27.5352 1.1346
δ3 21.2138 0.6141
δ4 0.0258 0.0024

δ5 0.0733 0.0038

Diameter std. (cm)  
(equation 13.f )

γ1 1.4519 0.0952

0.8787γ2 0.5065 0.0187

γ3 –0.0840 0.0135

Minimum diameter (cm)  
(equation 13.g)

κ1 1.9212 0.0975

0.5392κ2 –8.6532 0.6425

κ3 3.1075 0.6983

Stand survival (trees·ha–1)  
(equation 13.b)

β1 2.7193 0.1625

0.8802β2 17.8950 0.6520

β3 0.5664 0.0215

Diameter at breast (cm) 
(equation 13.h)

λ1 16.0367 0.8744

0.9148

λ2 –17.2105 0.9013
λ3 –0.0317 0.0029
λ4 0.1382 0.0166

λ5 –1.4525 0.1415

Tree survival  
(equation 13.i)

μ1 7.6063 1.3892

–782.104  
(–2lnL)

μ2 –102.9 12.7234
μ3 –0.3895 0.0607

μ4 –45.0114 8.9032

SE – standard error, R2 – multiple coefficient of determination
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Table 5. Evaluation statistics from different models for fit data and validation data

Attributes
σ2 Efficiency (%)

fit validation fit validation 
Tr

ee
-le

ve
l m

od
el Quadratic mean diameter (cm) 0.4010 0.3340 100.83 103.50

Arithmetic mean diameter (cm) 0.4134 0.3407 97.99 101.73
Diameter standard deviation (cm) 0.1007 0.1252 105.11 101.95

Minimum diameter (cm) 0.4565 0.5454 121.77 100.31
Stand survival (trees·ha–1) 29,648.46 39,805.53 111.91 102.72

St
an

d-
le

ve
l m

od
el Quadratic mean diameter (cm) 0.4151 0.4789 104.38 148.40

Arithmetic mean diameter (cm) 0.5022 0.6070 119.03 181.25
Diameter standard deviation (cm) 0.0987 0.1305 103.03 106.27

Minimum diameter (cm) 0.3808 0.6929 101.57 127.44
Stand survival (trees·ha–1) 26,535.09 41,340.33 100.15 106.68

Fo
re

ca
st

  
co

m
bi

na
tio

n 
m

od
el

Quadratic mean diameter (cm) 0.3977 0.3227 100 100
Arithmetic mean diameter (cm) 0.4219 0.3349 100 100

Diameter standard deviation (cm) 0.0958 0.1228 100 100
Minimum diameter (cm) 0.3749 0.5437 100 100
Stand survival (trees·ha–1) 26,494.03 38,751.85 100 100

Efficiency at tree-level = 100σ2
T , /σ2

C  efficiency at stand-level = 100σ2
S /σ2

C , efficiency from forecast combination  
= 100σ2

C  /σ2
C  , and Value in bold denotes the best statistic among models for each of the fit and validation data sets

the other 10 plots could not be estimated. It was be-
cause ˆ CDg was smaller than ˆ CDm of those 10 plots.

The formula for diameter variance is, 
Dvar = E(D2)– E(D)2 and ( )E D Dm= , 22 )( DgDE = Dg2 
E(x) is the expected value. And Dvar > 0, then
Dg Dm> . When Dg is closer to Dm, Dvar ap-
proaches 0, and distribution shrinks to a point at
Dg. This kind of Weibull distribution does not ex-
ist. So when Dg is closer to Dm or Dg is smaller 
than Dm, Weibull parameters could not be estimat-
ed by A-Q method. It also verified the fact that it 
was not suitable to use A-Q method for estimating 
Weibull parameters. So A-V method outperforms 
A-Q method in estimating Weibull parameters.

Fig. 2. Relationships between the observed quadratic mean 
diameter and the predicted value with three models for the 
validation data
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Figure 2. Relationships between the observed quadratic mean diameter and 
the predicted value with three models for the validation data 

y = 0.9557x–0.5756 
R2 = 0.9611

Table 6. Error index based on A-Q method and A-V method

Attribute A-Q A-V

Fit data
Mean 509.7407 442.1898

SD 285.1731 254.4337

Validation data
Mean 533.5493 479.4961

SD 286.4376 240.311

SD – standard deviation

Dg2 observed
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CONCLUSIONS

In this study, the forecast combination was used 
to link tree-level models and stand-level models. It 
efficiently utilizes information generated from dif-
ferent models, reduces errors from a single mod-
el, and improves accuracy and precision. It also 
ensures that stand variables from tree-level and 
stand-level models are consistent.

Forecast combination models and diameter dis-
tribution models were linked through the parame-
ter recovery method (moment estimation), and the 
two moment estimation methods were used in this 
study. It is much more suitable to estimate Weibull 
parameters on the basis of A-V method than A-Q 
method. And if D̂m is larger than D̂g or too close to
D̂g, Weibull parameters will not be estimated by 
A-Q method, but they will be estimated by A-V 
method. So A-V method is superior to A-Q meth-
od for estimating Weibull parameters.

Whole-stand models, individual-tree models and 
diameter models can be linked together through 
the forecast combination method and the param-
eter-recovery method one after another. Therefore, 
this study provided a framework for studying the 
integrated system of forest models. 
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