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Abstract: Uneven-aged forest management and Continuous Cover Forestry (CCF) are increasingly discussed as adap-
tive silvicultural approaches capable of improving forest resilience under climate change, increasing disturbance fre-
quency, and growing uncertainty in forest ecosystems. However, the conversion of structurally homogeneous stands
into uneven-aged structures represents a complex optimisation problem involving economic performance, structural
stability, regeneration continuity, and long-term sustainability. This study presents a multi-period optimisation frame-
work based on size-class dynamics, transition matrices, and Liocourt-based structural regulation. The model is formu-
lated as a quadratic optimisation problem that maximises net present value while simultaneously minimising deviations
from a target uneven-aged diameter distribution. A hypothetical case study was developed to analyse the conversion
of structurally homogeneous stands toward uneven-aged structures regulated by Liocourt distributions. The optimisa-
tion experiments included extensive sensitivity analyses involving combinations of g-ratio, target basal area, recruit-
ment intensity, growth dynamics, and mortality parameters. Results demonstrate that recruitment and lower diameter
class dynamics represent the dominant drivers of successful structural conversion, while harvesting alone cannot com-
pensate for insufficient regeneration inflow. The analysis further confirms that Liocourt distributions should not be in-
terpreted as universal biological equilibria but rather as regulatory and optimisation targets dependent on ecological,
silvicultural, and economic conditions.

Keywords: BDq method; Continuous Cover Forestry; forest optimisation; forest planning; harvest scheduling;
Liocourt law; quadratic programming; size-class model; transition matrix; uneven-aged forest management

European forest management has increasing-
ly shifted from narrowly production-oriented
systems toward multifunctional and resilience-
oriented silviculture. This transition has been
accelerated by climate change, disturbance out-
breaks, biodiversity decline, and increasing soci-

etal demand for ecosystem services. Within this
context, Continuous Cover Forestry (CCF) and
close-to-nature silviculture have gained renewed
attention as potential alternatives or comple-
ments to conventional even-aged management
(O'Hara 2023).
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CCF is based on the long-term maintenance
of forest cover, avoidance of large clear-cuts, con-
tinuous regeneration, and structural diversification.
In Central European forestry, this logic is closely
related to selection systems, irregular shelterwood
systems, and mixed-species close-to-nature man-
agement. Brang et al. (2014) argued that many prin-
ciples of close-to-nature silviculture can contribute
to climate adaptation in temperate European for-
ests, particularly by increasing structural diversity,
supporting tree species richness, improving resist-
ance of individual trees to abiotic and biotic stress,
and reducing risks associated with high growing
stocks. Recent work has further emphasised the
role of optimisation and adaptive decision-making
in CCF systems (Hyytidinen, Haight 2012).

Uneven-aged forest management represents one
of the most structurally demanding forms of CCF.
It is based on repeated partial harvesting and con-
tinuous regeneration, with the stand regulated not
by age-class area but by diameter-class structure.
The objective is not to regenerate an entire stand
at once, but to maintain a permanent flow of trees
across diameter classes, from regeneration and
ingrowth to merchantable dimensions. Conse-
quently, uneven-aged management is a dynamic
regulation problem in which harvesting, growth,
mortality, and recruitment interact over time.

The defining feature of uneven-aged manage-
ment is the coexistence of trees of different sizes,
ages, and canopy positions within the same stand
or management unit. This creates a fundamen-
tally different planning problem from even-aged
forestry. In even-aged systems, management deci-
sions are typically organised around stand age, ro-
tation length, thinning schedules, and final harvest.
In uneven-aged systems, the relevant state variable
is the diameter or size distribution of trees.

Stocking regulation in uneven-aged stands has
historically relied on the assumption that sustain-
able selection forests can be described by bal-
anced diameter distributions. Such distributions
are usually characterised by many small trees and
progressively fewer larger trees. This form is com-
monly described as an inverse-] or negative expo-
nential distribution. However, empirical studies
have shown that real managed uneven-aged stands
often deviate substantially from idealised diam-
eter structures. Schwartz et al. (2005), for example,
found that uneven-aged management in north-
ern hardwoods produced different diameter dis-

tributions and species compositions depending
on ownership and marking practice, indicating
that structural regulation is not automatic but
depends on explicit management rules. More re-
cent empirical work confirms that BDq-based
regulation can produce highly variable outcomes
depending on site conditions and marking intensity
(Brzeziecki, Neroj 2024).

This is important for forest planning because
structural diversity alone does not guarantee sus-
tainability. A stand may contain several diameter
classes but still lack sufficient recruitment into low-
er classes, or may accumulate surplus trees in me-
dium classes while failing to produce enough future
crop trees. Therefore, the conversion of structur-
ally homogeneous stands into uneven-aged sys-
tems must be understood as a controlled transition
of the entire diameter distribution, not merely
as repeated partial harvesting.

The classical theoretical reference for uneven-
aged structural regulation is Liocourt's law. In its
simplified modern interpretation, the number
of trees in successive diameter classes follows
a geometric progression. The ratio between the
number of trees in one diameter class and the next
larger class is known as the g-ratio. A constant g-
ratio generates a smooth decreasing diameter dis-
tribution and has been widely used as a practical
guide for selection forestry. Contemporary analy-
ses show that Liocourt-type structures remain use-
ful but require ecological calibration (Brzeziecki,
Neroj 2024).

Kerr (2014) revisited the original work of de Lio-
court and emphasised that the historical interpreta-
tion of Liocourt's results has often been simplified.
De Liocourt's observations were based on silver fir
stands managed under specific ecological and sil-
vicultural conditions, and the resulting diameter
structures should not be interpreted as universal
biological equilibria. Picard and Gasparotto (2016)
similarly argued that Liocourt's law is better under-
stood as a theoretical or statistical representation
of diameter distributions rather than a general law
that all uneven-aged forests necessarily follow.

The practical application of Liocourt-type regula-
tion is often expressed through the BDq method.
The method defines a target stand structure using
three main parameters: target basal area (B), maxi-
mum diameter (D), and g-ratio (g). This approach
provides a simple and operationally useful frame-
work for marking and stocking control. However,
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its simplicity also creates risks. If B, D, and g are
selected without considering site productivity, spe-
cies composition, regeneration capacity, mortal-
ity, and economic conditions, the resulting target
structure may be biologically unrealistic or eco-
nomically inefficient (Brzeziecki, Neroj 2024).

Therefore, in this study, Liocourt distributions
are not treated as natural equilibria. They are treat-
ed as regulatory targets used to guide optimisation.
This distinction is central: the model does not as-
sume that the forest will automatically converge
to a Liocourt curve. Instead, it evaluates whether,
and under which biological and economic assump-
tions, such convergence can be achieved through
a sequence of harvest decisions.

Because uneven-aged management is organised
around diameter structure, size-class and transi-
tion matrix models are particularly suitable for
its analysis. Buongiorno and Michie (1980) devel-
oped a seminal matrix model of uneven-aged forest
management in which tree numbers are projected
across diameter classes using transition probabili-
ties. This type of model provides a computationally
efficient representation of growth, mortality, and
ingrowth while retaining the structural detail re-
quired for selection forestry.

Matrix models offer an intermediate level of com-
plexity between whole-stand models and individ-
ual-tree models. Whole-stand models are simple
and robust but insufficiently sensitive to diameter
structure. Individual-tree models provide detailed
biological realism but require extensive data and
calibration. Transition matrix models, by contrast,
can represent the main structural processes needed
for optimisation: survival within a diameter class,
transition to the next class, mortality, and recruit-
ment into the smallest class.

Several studies have used transition matrices
or related size-class models to analyse uneven-
aged management. Hao et al. (2005), for example,
developed a transition matrix growth and ingrowth
model for uneven-aged mixed-species forests,
showing the importance of species-specific up-
growth and ingrowth dynamics. Virgilietti and
Buongiorno (1997) emphasised that matrix mod-
els are flexible enough to represent even-aged,
uneven-aged, monospecific, and mixed-species
stands while remaining computationally tractable
for management applications.

For the present study, the transition matrix frame-
work is particularly appropriate because conver-
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sion from homogeneous to uneven-aged structures
requires repeated projection of the stand distribu-
tion after harvest. Each management cycle consists
of three linked processes: removal of selected trees,
growth and survival of the residual stand, and re-
cruitment into the smallest diameter classes.

A central difficulty in modelling uneven-aged
stands is the uncertainty of recruitment and mor-
tality. In even-aged management, regeneration
is usually concentrated in a planned regenera-
tio phase. In uneven-aged management, regen-
eration and ingrowth must occur continuously.
If recruitment into lower diameter classes is in-
sufficient, the diameter distribution gradually be-
comes unstable regardless of how carefully larger
trees are harvested.

Recruitment is influenced by canopy structure,
light conditions, seed availability, browsing pres-
sure, soil conditions, species shade tolerance, and
disturbance history. It is therefore difficult to rep-
resent using a single constant parameter. Mortality
is similarly variable and may depend on competi-
tion, diameter class, species, stand density, drought
stress, pathogens, and stochastic disturbance events.

This creates a major challenge for optimisation.
A harvest schedule that appears optimal under one
recruitment assumption may fail under another.
The lower diameter classes are especially impor-
tant because they represent the future structural
and economic capacity of the stand. If the inflow
into these classes is underestimated or overesti-
mated, long-term projections of structural stability
may be strongly biased.

For this reason, recruitment and mortality are
treated in this study not only as biological pa-
rameters but also as key uncertainty drivers.
The scenario analysis explicitly tests how different
recruitment, growth, and mortality assumptions
affect structural convergence toward Liocourt-type
target distributions.

Uneven-aged forest management has long been
recognised as a dynamic optimisation problem.
Classical approaches include dynamic program-
ming, optimal control, matrix-based optimisation,
and, more recently, nonlinear programming, mixed-
integer programming, and heuristic optimisation.

Haight (1985) compared dynamic and static eco-
nomic models of uneven-aged stand management
and showed that dynamic formulations are essential
when harvest decisions affect future stand structure
and economic returns. Haight et al. (1985) further
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developed optimisation approaches for sequences
of diameter distributions and selection harvests.
These studies established the conceptual basis for
treating uneven-aged management as an intertem-
poral control problem.

Dynamic programming provides a theoretically
powerful framework, but its practical application
is often limited by dimensionality. The number
of possible states increases rapidly with the num-
ber of diameter classes, species, and management
constraints. For this reason, matrix-based optimi-
sation and nonlinear programming provide attrac-
tive alternatives for operational models.

Lépez-Torres et al. (2016) formulated uneven-
aged Pinus nigra management as a discrete op-
timal control problem maximising net present
value between stable stand structures. Their work
is particularly relevant because it links financial
optimisation with matrix-based stand dynamics.
Similarly, Pukkala et al. (2010) optimised steady-
state structures and management of uneven-sized
pine and spruce stands, demonstrating that opti-
mal structures depend strongly on economic as-
sumptions and species-specific growth conditions.

At broader spatial scales, forest harvest schedul-
ing has often been formulated using mixed-integer
programming. Constantino et al. (2008) developed
a mixed-integer programming model for harvest
scheduling subject to maximum area restrictions.
Although such models were mainly developed for
even-aged or spatial harvest scheduling problems,
they provide useful methodological foundations
for extending uneven-aged optimisation to multi-
ple stands and landscape-level planning.

Despite substantial literature on uneven-aged
management, several gaps remain. First, Liocourt
and BDq structures are often used as practical tar-
gets, but their role in dynamic optimisation is not
always clearly distinguished from biological equilib-
rium assumptions. Second, many studies optimise
steady-state conditions, while practical conversion
from structurally homogeneous stands requires
a transition path. Third, recruitment and mortality
are often treated as fixed parameters, although they
may dominate long-term feasibility. Fourth, there
is a need for transparent models that combine
economic optimisation, structural regulation, and
stand dynamics in a form that can be implemented
using modern quadratic programming solvers.

This study addresses these gaps by formulating
a multi-period Liocourt-based optimisation model

for the conversion of structurally homogeneous for-
est stands into uneven-aged structures. The model
represents the stand as a vector of diameter-class
frequencies, applies a transition matrix to simulate
growth and mortality, includes recruitment into
the smallest class, and optimises harvest decisions
over multiple management cycles.

The objective function combines discounted
economic return with a quadratic penalty for de-
viations from the target Liocourt distribution. This
formulation makes it possible to analyse explicit
trade-offs between short-term harvest revenue and
long-term structural convergence. The model also
enables scenario analysis of the g-ratio, target basal
area, recruitment, growth, and mortality.

The main contribution of the study is therefore
not the claim that Liocourt distributions represent
universal biological equilibria, but the develop-
ment of a formal optimisation framework in which
Liocourt-type structures are treated as adjustable
regulatory targets. This provides a transparent ba-
sis for testing the feasibility, robustness, and eco-
nomic implications of uneven-aged conversion
strategies.

MATERIAL AND METHODS

Conceptual framework

The proposed framework was formulated
as a multi-period discrete-time optimisation prob-
lem. The stand state was represented by vectors
of tree frequencies in diameter classes. Structural
development was modelled using transition matri-
ces describing growth and mortality processes be-
tween management cycles.

The framework combines size-class stand dy-
namics, harvest optimisation, structural regula-
tion, economic evaluation, and sensitivity analysis.

The optimisation horizon consisted of repeated
management cycles representing periodic selective
harvesting.

State-space representation
Indices. The following indices were used:

-t — management cycle;

-1 — diameter class;

-T — planning horizon;

-n — number of diameter classes.

State variables. The stand structure at time ¢ was
represented by N;, denoting the number of trees
in diameter class i at time ¢.
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Decision variables. Harvest decisions were rep-
resented by H;,, denoting the number of harvested
trees in class i during cycle t.

The remaining stand after harvest was calculated
according to Equation (1):

R ,=N;,—H;, (1)

where:

N;, —number of trees in diameter class i at time £;

H;, - number of harvested trees in class i during
cycle t.

Dynamic stand model

Stand development between management cycles
was described using a transition matrix framework,
see Equation (2):

Nt+1=A(Nt—Ht)+Bt (2)
where:

A — transition matrix describing growth and mortality;
B, — the recruitment vector.

The transition matrix contains probabilities
or deterministic coefficients describing transitions
between neighbouring diameter classes.

Transition matrix structure

The hypothetical case study used the fol-
lowing simplified transition matrix, as shown
by Equation (3):

(082 0 0 0 0
0.15 0.80 0 0 0
A=| 0 016 079 0 0
0 0 017 078 0
0 0 0 018 0.77

(3)

The recruitment vector was defined by Equation (4):

B, = [b, 0,0,0,0]” (4)
where:

B, — recruitment into the smallest diameter class;
T — planning horizon.

Target stand structure
The target uneven-aged structure was defined us-
ing Liocourt's law, see Equation (5):
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N} =N ©
where:
N - target number of trees in class i;

q — Liocourt ratio.

Calibration of the initial target class was based
on target basal area, see Equation (6):

G = Z gN; (6)
i

where:

G* — target basal area;

g — basal area per tree in class i.

Objective function

The optimisation objective combined economic
optimisation and structural regulation.

The objective function was formulated as Equation (7):

T H.)— T n X
mmzL)tCt‘ kZZ(NM N, )2 7)
= (1+7) t=1 i=1
where:

R, (H,) - economic return from harvesting;

C, — fixed management costs;
r — the discount rate;
A — the structural penalty parameter.

The first term maximises discounted economic
return, while the second penalises deviations from
the target uneven-aged structure.

Constraints
Harvest availability — Equation (8):

0<H,, <N, (8)

Minimum basal area — Equation (9):

Zgi (Ni,t —H;, ) 2 Gpyin ©)

l

Maximum harvest intensity — Equation (10):

H;,<aN;, (10)
where:
a — maximum allowable harvest intensity.
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Diameter classes below target structure were pro-
tected. Protection of deficit classes — Equation (11):

H;,=0if N;, <N; (11)
Recruitment constraint — Equation (12):
Bt 2 Bmin (12)

The recruitment constraint was introduced be-
cause regeneration continuity represents one of the
critical determinants of long-term uneven-aged
stability.

Scenario analysis

A comprehensive sensitivity analysis was con-
ducted using combinations of g-ratio, target basal
area, recruitment intensity, mortality, growth coef-
ficients, and discount rates. A total of 432 optimi-
sation scenarios were simulated (Table 1).

The scenarios were designed to evaluate structural
convergence, economic performance, recruitment
sensitivity, robustness of target structures, and
long-term feasibility of uneven-aged conversion.

Growth coefficients controlled transitions among
diameter classes between management cycles,
mortality parameters represented losses occur-
ring within each cycle, and recruitment values
determined the number of new trees entering the
smallest diameter class. Economic assumptions in-
cluded harvest revenues, fixed management costs,
and a constant discount rate applied throughout
the planning horizon. The selected parameter val-
ues were intended to evaluate model sensitivity and
structural behaviour rather than represent a specif-
ic forest type or management system.

Numerical implementation

The optimisation model was implemented
as a quadratic programming problem compatible
with Gurobi Optimizer (Version 13.0.2, 2026).

Table 1. Sets of designed parameters

Parameter Values

q 1.15, 1.25, 1.35, 1.45
B 14, 16, 18, 20
Growth slow, medium, fast
Mortality low, medium, high
Recruitment low, medium, high

The optimisation procedure was performed it-
eratively for each management cycle. For every
cycle, the solver determined harvest intensities,
minimising structural deviation while maximising
economic return.

RESULTS

Hypothetical stand conversion. The model was
tested on a hypothetical structurally homogeneous
stand characterised by a substantial surplus in me-
dium diameter classes and a deficit in lower diam-
eter classes. The initial stand structure represented
a typical transformed production forest with insuffi-
cient regeneration inflow and structural imbalance.

The initial diameter distribution consisted
of 11 diameter classes ranging from 12 cm to 52 cm
diameter at breast height (DBH) (Table 2).

The target structure was defined using a Liocourt
distribution and calibrated according to the tar-
get basal area. The optimisation was implemented
as a multi-period quadratic programming problem
using repeated management cycles.

The model systematically reduced surplus trees
in medium and upper diameter classes while si-
multaneously protecting deficit lower classes from
harvesting. The resulting trajectories gradually
converged toward the target Liocourt distribution.

The optimisation revealed that the deficit lower
diameter classes could not be restored through
harvesting strategies alone. Instead, long-term
convergence strongly depended on recruitment
and transition dynamics.

Table 2. Hypothetical initial DBH structure

Diameter Mean DBH Initial tree number
class (cm) (trees-ha™!)
1 12 80

2 16 110

3 20 140

4 24 130

5 28 100

6 32 70

7 36 45

8 40 30

9 44 20

10 48 12

11 52 6

q — g-ratio; B — target basal area

DBH - diameter at breast height
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The model was tested on a hypothetical, structur-
ally homogeneous stand characterised by surplus
medium and upper diameter classes, deficit lower
classes, and insufficient regeneration inflow.

Structural convergence was accompanied by a de-
cline in harvest intensity during the initial conver-
sion phases and by the stabilisation of harvest levels
after partial structural equilibration.

Numerical solution of the hypothetical quad-
ratic programming (QP) model. A simplified
numerical optimisation experiment was con-
ducted using five diameter classes and three man-
agement cycles. The initial and target diameter
distribution is presented in Table 3. The optimi-
sation produced the harvest intensities presented
in Table 4.

The model intentionally avoided harvesting defi-
cit lower classes and concentrated harvesting pres-
sure into structurally surplus medium and upper
classes. Harvest and basal area dynamics are pre-
sented in Table 5. The terminal state after three
management cycles approached the target Liocourt
structure, as presented in Table 6.

Table 3. Initial and target diameter distribution for nu-
merical optimisation experiment

Diameter = DBH Initial state  Target Liocourt state

class (cm) (trees-ha™!) (trees-ha™!)

1 12 80 182.824

2 16 150 140.634

3 20 130 108.180

4 24 90 83.215

5 28 35 64.012

DBH - diameter at breast height

Table 4. Resulted harvest intensities

Cycle Class1 Class2 Class3 Class4 Class5
0 0.000 0.000 21.312 9.066 3.405
1 0.000 0.000 8.256 6.147 19.266
2 0.000 0.000 0.000 11.567 18.955

Table 5. Harvest and basal area dynamics

https://doi.org/10.17221/44/2026-JES

The results demonstrate that the optimisation
effectively reduced structural surplus in medium
classes while gradually approaching the target di-
ameter distribution. However, substantial defi-
cits in lower classes persisted despite the absence
of harvesting in these classes.

This finding confirms that harvesting cannot
compensate for insufficient regeneration inflow
and that successful conversion toward uneven-
aged structures fundamentally depends on long-
term recruitment dynamics.

Influence of recruitment dynamics. Recruit-
ment intensity emerged as the dominant determi-
nant of successful uneven-aged conversion.

Scenarios with insufficient recruitment failed
to maintain the target lower diameter classes de-
spite reduced harvesting pressure. In contrast,
high recruitment scenarios achieved stable struc-
tural convergence even under relatively intensive
harvesting.

Recruitment intensity emerged as the dominant
driver of successful uneven-aged conversion (Fig-
ure 1). Average terminal Root Mean Square Error
(RMSE) decreased strongly with increasing recruit-
ment intensity, while low-recruitment scenarios
produced highly unstable terminal structures re-
gardless of harvesting strategy.

Influence of g-ratio. The g-ratio strongly influ-
enced optimal structural trajectories (Figure 2).
Higher g-ratios increased pressure on upper di-
ameter class harvesting and produced steeper
target diameter distributions. Low g-ratios gener-
ated flatter distributions with higher proportions
of large trees.

Extremely high g-ratios often resulted in struc-
turally unstable solutions sensitive to small recruit-
ment fluctuations. Moderate g-ratios produced the
most robust long-term solutions.

The robustness landscape demonstrates that
structurally feasible conversion trajectories are
concentrated in scenarios with lower target basal
area and moderate g-ratios. Higher g-values sub-
stantially increase terminal structural instabil-

Harvested trees Harvest volume

Basal area before harvest

Basal area after harvest

Cycle (trees-ha™) (m*ha™) (m>ha™) (m>ha™)

0 33.783 13.480 14.231 12.942
33.669 20.000 14.199 12.476

2 30.522 20.000 13.690 12.000
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Table 6. Terminal state after three management cycles

Diameter class Target state Terminal state
1 182.824 97.012
2 140.634 105.391
3 108.180 107.283
4 83.215 79.479
5 64.012 48.690

ity because they require stronger recruitment into
lower diameter classes. This figure (Figure 2) di-
rectly supports the discussion that Liocourt distri-
butions should be treated as optimisation targets,
the feasibility of which depends on biological re-
cruitment dynamics.

Mortality and growth sensitivity. Mortal-
ity strongly affected long-term structural stability.
Elevated mortality in lower and medium diam-
eter classes substantially reduced the feasibility
of maintaining target structures. Mortality effects
became particularly important under low recruit-
ment conditions.

80

60

404

(trees-ha™?)

Terminal RMSE

27.60

20

Growth intensity influenced transition speed be-
tween diameter classes and therefore affected the
temporal stability of structural regulation.

Economic-structural trade-offs. Increasing the
structural penalty parameter A strengthened struc-
tural stabilisation while reducing short-term eco-
nomic returns.

Scenarios with low \ prioritised harvest revenues
and frequently produced structurally unstable out-
comes. Conversely, very high A values generated
conservative harvest strategies associated with
lower net present value. Intermediate values of A
provided the most balanced solutions.

Theoretical analysis of the objective function.
For a better interpretation of the behaviour of the op-
timisation model, an analytical investigation of the
objective function of the multiperiod discrete model
was carried out. The aim was to examine the local
properties of the optimisation problem, the econom-
ic interpretation of the gradients, and the conditions
for the existence of a unique optimum.

The original objective function was formulated
as Equation (13):

69.75

49.85

T
high

T T
low medium

Recruitment intensity

Figure 1. Effect of recruitment intensity on the terminal Root Mean Square Error (RMSE) of stand structure

Bars — mean RMSE values across all simulated scenarios; error bars indicate +1 standard deviation; lower RMSE values
indicate stronger convergence toward the target Liocourt diameter distribution; numerical labels above the bars show mean

RMSE values (trees-ha1)
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1 + z
where:
H,, — harvesting intensity;
X =Ny, — H;, — the residual stand state after inter-
vention;

The model therefore combines economic maxi-
misation with a regulatory effort to guide the stand
toward the target uneven-aged structure.

Partial derivative with respect to harvesting.
The partial derivative of the objective function
with respect to the decision variable H; , is Equa-
tion (14):

Z .
2 __ M +2x(xk ) Nk) (14)
aHk,t a+i)
Substituting the relationship X; , = N, — H; , the
derivative can be rewritten as Equation (15):
oZ L
- +2k(N “H,,-N ) (15)
oH, (1+z) kit ~ e = Ng
20
s 18
s
g Ty
22
5 E
& 16
14

1.15 1.25

https://doi.org/10.17221/44/2026-JES

2

-N;) (13)

N/ — target Liocourt distribution;

1 — the net economic return from har-
vesting;

A — the structural penalty parameter.

The economic interpretation of the derivative
shows that optimal harvesting results from two op-
posing forces: the economic pressure to maximise
immediate harvesting revenues and the structural
pressure to minimise deviations from the target
Liocourt distribution.

If a diameter class contains an excess number
of trees relative to the target state, the structural
term promotes more intensive harvesting. Con-
versely, deficit classes are protected from inter-
vention by the structural penalty. This mechanism
corresponds to the results of the numerical simula-
tions, in which the model systematically preserved
lower deficit classes without harvesting.

Interior optimum. The first-order condition —
Equation (16):

90

80

70

60

(1-ey-s9am)

S [euTIa],

50

40

30

1.35 1.45

Liocourt g-ratio

Figure 2. Average terminal Root Mean Square Error (RMSE) across 432 optimisation scenarios as a function of target

basal area (m?-ha!) and Liocourt g-ratio

Lower RMSE values indicate stronger structural convergence toward the target uneven-aged diameter distribution; the

colour scale represents average terminal RMSE (trees-ha™!)
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Z o (16)
oH,,,

This leads to the analytical expression for optimal
harvesting intensity — Equation (17):

Tk

HP =N, , N, +—%k__
kot R R A+ i)

(17)

The optimal harvesting intensity therefore consists
of two components: the structural surplus relative
to the target distribution, an economic correction de-
pendent on assortment profitability and discounting.

An important result is that the economic effect
of harvesting is discounted over time. Consequent-
ly, in later management cycles, the model gradually
prioritises structural stabilisation of the stand over
short-term economic maximisation.

Concavity of the objective function. The sec-
ond derivative with respect to H, , is:

0*z

5 =2\ fori>0
OHy

(18)

The second derivative is negative, implying that
the objective function is concave with respect
to the harvesting decision variables.

This result is highly significant from an opti-
misation perspective because it: guarantees the
existence of a unique local maximum, simultane-
ously implies a global optimum within the con-
tinuous part of the problem and enables efficient
solution using convex quadratic programming.
This explains the stable numerical behaviour
of the optimisation model even under a large
number of scenarios.

Sensitivity to the structural regulation pa-
rameter. The partial derivative with respect
to parameter A is Equation (19):

oz .
a:—ZZ(XkJ ~ Ny <0 (19)
t k

Increasing the parameter A therefore always
decreases the objective function value because
it strengthens the penalty for structural devia-
tions. Practically, this represents a transition from
economically oriented forest management toward
a structurally conservative management regime.

Low values of A lead to more aggressive harvest-
ing of economically profitable diameter classes,

whereas high values stabilise stand distribution and
reduce structural deviations.

Sensitivity to the g-ratio. Since the target struc-
ture depends on the g-ratio, Equation (20) applies:

Ni=Nyq “ (20)

The sensitivity of the objective function with re-
spect to the parameter can also be derived from
Equation (21):

(21)

The analysis indicates that higher g-values lead
to a steeper decline in the abundance of larger diam-
eter classes and therefore to more intensive harvest-
ing interventions in medium and upper diameter
classes. Conversely, lower g-values support a flat-
ter distribution and greater stand stock stability.

The results of the scenario analysis suggest that
excessively high g-values may lead to unstable
stand structures and increased model sensitivity
to recruitment dynamics.

Interpretation from the perspective of forest
management. The theoretical analysis demonstrates
that the optimisation model does not function mere-
ly as an economic harvest scheduling tool, but rather
as a regulatory mechanism governing forest struc-
tural dynamics. Harvesting therefore serves not only
a production function, but also acts as a tool for di-
recting the stand toward the target distribution.

From a mathematical perspective, the model
combines a discrete dynamic system, convex quad-
ratic programming, control theory and economic
optimisation.

This combination makes it possible to interpret
stand transformation as a problem of determining
the optimal trajectory of forest development over
time, rather than merely as a sequence of isolated
harvesting decisions.

DISCUSSION

The results confirm that the conversion of struc-
turally homogeneous stands into uneven-aged
structures cannot be reduced to a single thinning
or marking operation. The optimised harvest sched-
ule did not simply remove trees from all diameter
classes proportionally. Instead, the model concen-
trated harvests in structurally surplus medium and
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upper classes while completely avoiding harvests
in deficit lower classes. This confirms that uneven-
aged conversion is a distributional control problem
in which the state of the stand is represented by the
whole diameter-class vector rather than by a single
aggregate variable such as age, standing volume,
or basal area.

This finding is consistent with the classi-
cal interpretation of uneven-aged optimisation
by Haight (1985), who showed that dynamic eco-
nomic models may produce different conclusions
from static models because current harvest deci-
sions alter future stand structure and future harvest
opportunities. Our results support this view direct-
ly. The model selected relatively different harvest
vectors across cycles, indicating that an optimal
conversion pathway is path-dependent. The first
cycle reduced surplus in the middle classes, while
later cycles shifted harvest pressure toward upper
classes as the transition matrix redistributed resid-
ual trees across diameter classes.

The results also support the matrix-model tradi-
tion initiated by Buongiorno and Michie (1980).
Their work demonstrated that uneven-aged stands
can be effectively represented through diameter-
class transition systems. Our model confirms the
practical relevance of this approach for conver-
sion planning: the transition matrix was sufficient
to generate a dynamic link between post-harvest
residual structure and future stand states. How-
ever, our results also show that although harvest-
ing decisions regulate stand structure, attainment
of a target uneven-aged distribution ultimately
depends on the biological processes represented
within the transition matrix. In particular, recruit-
ment and mortality determine whether the desired
structure can be sustained over time, a principle
that is well established in uneven-aged forest man-
agement literature. This aligns with recent findings
emphasising that recruitment uncertainty is the
dominant constraint in uneven-aged matrix mod-
elling (O'Hara 2023).

The hypothetical example confirms the useful-
ness of the Liocourt curve as a transparent regu-
latory benchmark. The target distribution enabled
the model to identify structural surpluses and defi-
cits in individual diameter classes and to translate
these deviations into harvest decisions. In this
sense, the model supports the practical value
of Liocourt-type regulation and the BDq method
as a decision-support framework. Recent empiri-

350

https://doi.org/10.17221/44/2026-JES

cal work in European mixed forests similarly shows
that BDq performance depends strongly on re-
generation and growth conditions (Brzeziecki,
Neroj 2024).

At the same time, the results clearly reject
a simplistic interpretation of the Liocourt distri-
bution as an automatically attainable biological
equilibrium. The lower classes remained substan-
tially below their target values even after three
optimised management cycles. In the numerical
example, the first diameter class reached only
97.012 trees per ha compared with the target val-
ue of 182.824 trees per ha. This persistent deficit
occurred despite the fact that no harvest was al-
lowed or selected in the lower classes.

The model therefore demonstrates that con-
vergence toward a Liocourt-type target structure
is strongly constrained by recruitment dynamics.
This finding should not be interpreted as a contra-
diction of contemporary uneven-aged silvicultural
theory. Modern selection-system research recog-
nises that sustainable stand structures emerge from
the combined effects of recruitment, growth, mor-
tality, and harvesting, rather than from harvest-
ing interventions alone (Kerr 2014; O'Hara 2023;
Picard, Gasparotto 2016). Harvesting can regulate
the distribution of existing trees among diameter
classes, but it cannot generate the continuous in-
flow of individuals required to maintain lower
diameter classes. Consequently, successful conver-
sion toward uneven-aged structures depends not
only on harvest regulation but also on sufficient
regeneration and subsequent recruitment into the
managed diameter distribution.

Our results therefore reinforce an established
principle of uneven-aged forest management: target
diameter distributions should be evaluated to-
gether with the biological processes that sustain
them. Within the present optimisation framework,
recruitment is not merely a source of uncertainty
but a fundamental determinant of whether a target
structure is feasible under given ecological condi-
tions. This result strongly supports the arguments
of Kerr (2014), who emphasised that de Liocourt's
original work has often been overinterpreted and
that the g-ratio should not be treated as a univer-
sal law of selection forests. It also confirms the in-
terpretation by Picard and Gasparotto (2016), who
showed that the modern formalisation of Liocourt's
law has a more complex historical and mathemati-
cal background than is often assumed. Our results
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are consistent with their conclusion: the Liocourt
curve is a useful theoretical structure, but it is not
a guaranteed outcome of stand dynamics.

The study therefore refines the use of Liocourt's
law in planning. It shows that the Liocourt curve
should be used as a regulatory hypothesis tested
against biological dynamics, not as a fixed biologi-
cal truth imposed on the forest. This distinction
is important for operational forestry. If the target
g-ratio and basal area are set without verifying
recruitment feasibility, the optimisation may pro-
duce harvest prescriptions that appear structurally
rational but cannot deliver the desired future stand
structure.

One of the strongest results of the study is the
dominant influence of recruitment on successful
conversion. In the numerical example, harvest was
excluded from deficit lower classes, yet the first
diameter class remained far below the target. This
confirms that the limiting factor was not excessive
harvest pressure on small trees but insufficient in-
flow into the lower diameter classes.

This matches recent findings that regeneration
inflow is the key determinant of structural stability
in uneven-aged systems (Brzeziecki, Neroj 2024).

The scenario analysis reinforces this interpreta-
tion. The best-performing scenarios were associ-
ated with high recruitment, while scenarios with
low recruitment generated large terminal devia-
tions from the target structure. The best scenario
achieved a terminal RMSE of 3.861, whereas poorer
combinations of g-ratio, basal area, growth, mor-
tality, and recruitment produced much higher
deviations.

This confirms a widely reported fact in uneven-
aged modelling: recruitment and ingrowth are
often the most uncertain and most influential com-
ponents of long-term projections. Hao et al. (2005)
showed that transition matrix models for uneven-
aged mixed forests must explicitly account for in-
growth and upgrowth processes.

The results also support the broader modelling
conclusions of Virgilietti and Buongiorno (1997),
who treated matrix models as flexible tools for
representing forest dynamics from management
data. Our analysis suggests that such models are
especially useful when recruitment can be empiri-
cally calibrated from repeated inventories. Without
such calibration, the lower part of the diameter dis-
tribution becomes the weakest component of the
optimisation framework.

The scenario results indicate that the g-ratio has
a strong effect on structural feasibility. Higher g-
ratios generate steeper target distributions and
therefore require substantially more trees in lower
diameter classes. If recruitment is limited, such
targets become difficult or impossible to achieve.
In the scenario batch, robust performance was as-
sociated with lower target basal area and moderate
to lower g-ratio values. The combination g = 1.15
and B = 14 m*ha' performed best according
to average terminal RMSE, while higher g-ratios
increased structural sensitivity. The superior per-
formance of lower target basal areas in the optimi-
sation results should be interpreted with caution.
Within the present model, lower basal area reduced
structural constraints and facilitated convergence
toward the target diameter distribution, particu-
larly by reducing competition and increasing the
potential for recruitment into lower diameter
classes. However, lower basal area generally im-
plies lower standing volume and may reduce total
volume production if maintained over extended
periods. Consequently, the result should not be in-
terpreted as a recommendation to maintain a ba-
sal area of 14 m*ha~! as a permanent management
target. From a silvicultural perspective, such con-
ditions may represent a transitional phase during
conversion from a structurally homogeneous stand
toward a regulated uneven-aged structure. Once
sufficient regeneration and recruitment have been
established, higher basal areas may become com-
patible with maintaining structural stability and
sustainable yield. Therefore, the optimal target ba-
sal area depends on species composition, site pro-
ductivity, regeneration dynamics, and management
objectives rather than being a universal constant
(O'Hara 2023; Kerr 2014).

This result supports Chevrou's (1990) argument
that the g-ratio is not a fixed biological constant
but depends on management conditions, thinning
regime, and structural assumptions. Our results
extend this argument into a conversion-planning
context. The g-ratio should be treated as a decision
parameter subject to scenario testing, not as an ex-
ternally fixed rule.

The findings also partially qualify the traditional
BDq approach. The BDq method is operationally
attractive because it simplifies structural regulation
into basal area, maximum diameter, and g-ratio.
However, our results show that these parameters
interact strongly with recruitment and growth.
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A BDq target can be mathematically defined even
when it is biologically difficult to achieve. There-
fore, BDq should be coupled with dynamic feasibil-
ity analysis before being used as a marking guide
for conversion stands.

The quadratic objective function explicitly com-
bines economic returns from harvesting with
penalties for structural deviation. The results
demonstrate that these two objectives may con-
flict. Short-term economic optimisation favours
harvesting trees with positive net value, particu-
larly in larger or commercially attractive diameter
classes. Structural optimisation, by contrast, may
require retaining certain trees or limiting harvest
intensity to maintain future distributional balance.

This result supports Haight's (1985) conclusion
that static and dynamic optimisation can produce
different management prescriptions. It also aligns
with Lépez-Torres et al. (2016), who optimised
uneven-aged Pinus nigra management between
stable structures and showed that economic results
depend on the selected structural pathway. Our
model confirms this principle in the specific con-
text of conversion from homogeneous to uneven-
aged structure: the economically attractive removal
of surplus trees must be constrained by the long-
term objective of structural convergence.

The structural penalty parameter controls this
trade-off. A low penalty favours harvest revenues
but allows larger deviations from the target Lio-
court distribution. A high penalty improves struc-
tural convergence but reduces immediate economic
return. This confirms that the conversion problem
is inherently multi-objective, even when formulat-
ed as a single aggregated objective function.

The results also suggest that the economically
optimal steady-state structure may not coincide
with a classical Liocourt curve. This is consist-
ent with Pukkala et al. (2010), who found that op-
timised uneven-sized stand structures depend
on economic assumptions and may differ from tra-
ditional silvicultural expectations. Our results there-
fore support the argument that Liocourt or BDq
targets should be evaluated against economic crite-
ria rather than assumed to be economically optimal.

The scenario analysis indicates that a lower tar-
get basal area improved structural convergence.
Scenarios with B = 14 m?>ha™! performed better
than scenarios with higher target basal area. This
result is biologically plausible because lower target
basal area reduces competition and may improve

352

https://doi.org/10.17221/44/2026-JES

the light conditions necessary for regeneration and
ingrowth. It also reduces the number of trees re-
quired to satisfy the target distribution.

This result is consistent with the broader close-
to-nature silviculture literature, which emphasises
that stocking level affects regeneration, stability,
and adaptive capacity. Brang et al. (2014) argued
that close-to-nature silviculture may support ad-
aptation by increasing structural diversity and re-
ducing vulnerability, but also noted that adaptation
requires active management rather than passive
maintenance of high stocking. Our results support
this interpretation: maintaining or imposing a high
target basal area may make structural conversion
more difficult when lower diameter classes are al-
ready deficient.

However, this finding should not be interpreted
as a universal recommendation for low basal area.
It reflects the particular initial structure and tran-
sition assumptions of the hypothetical example.
In more productive sites or under stronger recruit-
ment, higher basal area targets may be feasible.
The result therefore confirms the need for local
calibration of BDq parameters.

The study confirms the usefulness of a matrix-
based quadratic programming framework for
transparent decision support. The model produces
interpretable outputs: harvest by diameter class
and cycle, basal area before and after intervention,
terminal deviation from target structure, and sce-
nario-level performance indicators. This makes the
framework suitable for communication between
forest planners, researchers, and practitioners.

This supports the long-standing use of transition
matrix models in uneven-aged forestry, as devel-
oped by Buongiorno and Michie (1980) and later
extended in mixed-species contexts by Hao et
al. (2005). The present study adds that the same
framework can be directly connected with mod-
ern quadratic programming solvers, making it op-
erationally useful for testing alternative conversion
strategies.

At the same time, the results reveal that model
transparency does not eliminate biological uncer-
tainty. The model is only as reliable as the transi-
tion matrix, recruitment assumptions, mortality
estimates, and economic parameters. This is espe-
ciallyimportantbecause the scenarioanalysis showed
strong sensitivity to recruitment and mortality.
Therefore, repeated inventories, permanent sample
plots, remote sensing-assisted monitoring, and local
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calibration are necessary before such a model can
be used for real operational prescriptions.

The results provide a nuanced view of CCF
as an adaptation strategy. They support the idea
that structurally diverse forests can be a desir-
able management objective, but they also show
that structural diversity is not achieved automati-
cally. Conversion requires a biologically feasible
pathway, sufficient recruitment, and management
constraints that prevent short-term economic ex-
traction from undermining long-term structure.

This partially supports the conclusions of Brang
et al. (2014), who identified close-to-nature silvicul-
ture as potentially suitable for adaptation of temper-
ate European forests to climate change. Our results
confirm the relevance of structural diversification
but add a planning caveat: adaptation-oriented
structures must be dynamically attainable under
site-specific recruitment and mortality conditions.

The model also suggests that CCF conversion
should be evaluated through robustness rather
than through a single deterministic forecast. Cli-
mate change may alter mortality, growth transi-
tions, and regeneration success. Therefore, future
applications should extend the present determinis-
tic model toward stochastic or robust optimisation.

The study is based on a hypothetical stand and
simplified transition dynamics. The results, there-
fore, demonstrate model behaviour and theoretical
implications rather than provide site-specific man-
agement recommendations. The transition matrix
used in the numerical example is deterministic and
does not include species composition, climate-de-
pendent mortality, browsing pressure, seed limita-
tion, or spatial heterogeneity.

The model also uses a simplified economic repre-
sentation. Real harvest revenues depend on species,
quality, assortment structure, logging technology,
accessibility, terrain, and market conditions. Simi-
larly, the structural penalty parameter is normative
and requires calibration according to management
priorities.

Despite these limitations, the results are useful
because they isolate the core mechanism of une-
ven-aged conversion. They show that harvest opti-
misation can reduce structural surplus but cannot
create missing lower diameter classes. This conclu-
sion is robust and directly relevant for practical
CCF conversion planning.

Future research should focus on four main direc-
tions. First, transition matrices should be calibrat-

ed using repeated inventory data, ideally including
species-specific growth, mortality, and ingrowth.
Second, recruitment functions should be linked
to basal area, canopy openness, browsing pressure,
and site conditions rather than treated as fixed con-
stants. Third, the model should be extended to sto-
chastic mortality and disturbance risk. Fourth,
carbon, biodiversity, and habitat objectives should
be integrated into the optimisation framework.
Such extensions would allow the model to move
from a theoretical demonstration toward a full de-
cision support system for climate-adaptive Contin-
uous Cover Forestry.

Although the present study uses a hypothetical
stand, the proposed framework can be calibrated
using repeated forest inventory measurements.
Diameter-class frequencies obtained from perma-
nent sample plots may be used to estimate transi-
tion probabilities, mortality rates, and recruitment
intensity for each management cycle. Growth and
mortality parameters can be incorporated into the
transition matrix, while recruitment rates may
be estimated from observed ingrowth into the
smallest inventoried diameter class. Economic pa-
rameters, including timber prices, harvesting costs,
and discount rates, can be adapted to local manage-
ment conditions. Such calibration would allow the
framework to support practical planning of con-
version toward uneven-aged structures under site-
specific ecological and economic conditions.

CONCLUSION

The presented study developed and analysed
a multi-period optimisation framework for the
conversion of structurally homogeneous forest
stands toward uneven-aged forest structures reg-
ulated through Liocourt-type diameter distribu-
tions. The proposed model combines forest growth
dynamics, structural regulation, and economic op-
timisation within a unified quadratic programming
framework and demonstrates that uneven-aged
forest conversion cannot be understood as a purely
silvicultural or harvest scheduling problem, but
rather as a long-term dynamic process of structural
regulation.

The results clearly indicate that successful con-
version toward uneven-aged stand structures
is driven primarily by recruitment processes and
by the dynamics of lower diameter classes. While
harvesting can effectively reduce structural surplus
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in medium and upper diameter classes, it cannot
compensate for deficits in small-diameter trees.
Consequently, the long-term success of conversion
strategies depends fundamentally on the stabil-
ity of regeneration, recruitment intensity, and the
transition of trees between lower diameter classes.
This finding confirms that regeneration processes
represent the critical biological mechanism main-
taining uneven-aged stand continuity.

The study further demonstrates that Liocourt
distributions should not be interpreted as universal
biological equilibrium states. Instead, they should
be viewed as regulatory optimisation targets that
can guide structural development under specific
ecological and economic conditions. Different
combinations of growth, mortality, recruitment,
and harvest intensity may lead to structurally dif-
ferent developmental trajectories even under
identical g-ratios. The classical inverted-] diam-
eter distribution therefore represents an idealised
management objective rather than an inevitable
or universally stable outcome of uneven-aged for-
est dynamics.

From a methodological perspective, the study
confirms that multi-period quadratic program-
ming provides a robust and mathematically con-
sistent framework for long-term structural forest
optimisation. The quadratic penalty formulation
used in the objective function creates a stable op-
timisation environment with unique local optima
and enables explicit balancing between economic
objectives and structural regulation. In contrast
to sequential or short-term optimisation approach-
es, the multi-period framework allows optimisa-
tion of the entire developmental trajectory of the
stand and therefore captures the delayed structural
consequences of harvesting decisions.

At the same time, the analyses reveal that re-
cruitment and mortality represent the dominant
uncertainty sources in uneven-aged forest manage-
ment models. Small changes in these parameters
substantially influence long-term structural stabil-
ity, convergence toward target distributions, and
achievable harvest intensities. This sensitivity high-
lights the necessity of continuous model calibration
using repeated forest inventory data and indicates
that robust optimisation approaches may become
increasingly important under conditions of climate
change and increasing disturbance frequency.

An important outcome of the study is the ex-
plicit identification of trade-offs between eco-
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nomic return and long-term structural stability.
Higher harvest intensities and economically opti-
mised harvesting strategies often increase struc-
tural deviations from target distributions, whereas
stronger structural regulation reduces short-term
economic efficiency in favour of long-term stand
stability. The proposed framework therefore ena-
bles transparent quantification of these trade-offs
and creates opportunities for multi-objective forest
planning integrating production, ecological stabil-
ity, and resilience objectives.

Despite the promising results, the study also
identifies several important directions for future
research. Future model extensions should integrate
disturbance dynamics, stochastic mortality pro-
cesses, carbon sequestration functions, and spatial
optimisation. Incorporation of climate-sensitive
growth and recruitment functions, as well as ex-
plicit modelling of disturbance risk, will likely
become essential for realistic long-term planning
under changing environmental conditions. Simi-
larly, integration with modern remote sensing sys-
tems and continuous forest inventory approaches
could significantly improve parameter calibration
and operational applicability.

Overall, the proposed optimisation framework
provides a theoretically consistent basis for the
future development of climate-adaptive decision
support systems for Continuous Cover Forestry
and uneven-aged forest management. By com-
bining structural regulation, stand dynamics, and
economic optimisation within a single analytical
framework, the model offers substantial potential
for supporting adaptive and resilient forest man-
agement strategies in conditions of increasing eco-
logical uncertainty.
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