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Abstract: Volume models are essential tools for quantifying timber stocks and optimising forest utilisation. This study
aimed to develop additive volume systems based on one- and two-entry simultaneous equations for Pinus ayacahuite
Ehrenb. ex Schltdl. and Pinus douglasiana Martinez. Destructive sampling of 55 P. ayacahuite trees and 65 P. dougla-
siana trees was conducted in the communal forest of Ixtlan de Juarez, Oaxaca, southern Mexico. The additive systems
were fitted using non-linear seemingly unrelated regression to estimate tree-volume components: stem and branch
volumes, with whole-tree volume being the sum of both. The systems were evaluated using the relative ranking method,
considering statistical indicators of accuracy, variability, and relative errors. Additionally, the predictive capacity of the
equations was assessed through linear regression between observed and predicted values for each volume component,
and the biological consistency was verified. The results indicate that two-entry additive systems provide greater ac-
curacy in estimating stem, branch, and whole-tree volumes for both species. These equations are based on the Schu-
macher-Hall model, and their recommended range of application for both species is for diameter at breast height (DBH)
between 9 cm and 75 c¢m, and for total height (H) between 9 m and 34 m. Therefore, their application is recommended
for forest inventories and the planning of sustainable forest management.
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Accurate estimation of timber stocks in produc-
tion forests is essential for sustainable manage-
ment, as it enables the optimisation of silvicultural
prescriptions, the projection of expected for-
est products, and the study and understanding
of ecosystem dynamics (Avery, Burkhart 2002;
Pretzsch 2009; Vargas-Larreta et al. 2017). This es-
timation generally uses indirect methods through
allometric models that employ dendrometric vari-
ables such as diameter at breast height (DBH) and
total height (H) (Clutter et al. 1983; Burkhart,
Tomé 2012). These models offer a practical means
of reliably estimating standing tree volume with
minimal field effort (Avery, Burkhart 2002).

Allometric volume models are essential tools
in forest planning, allowing for the quantification
of timber stocks, assessment of management prac-
tices, estimation of biomass and above-ground
carbon, and support for environmental monitor-
ing and research programmes (Pretzsch 2009;
Burkhart, Tomé 2012). They are also used to as-
sess pest-affected areas, monitor harvesting opera-
tions, verify cutting intensities, and project volume
growth. Thus, they form the technical cornerstone
of silviculture and forest management (Ramirez-
Martinez et al. 2016). In this context, accurate
estimations of timber volume are crucial for sus-
tainably managing forest resources and monitoring
the impacts of climate change on forest ecosystems.

To improve estimation accuracy, models are rec-
ommended to be calibrated at the species level (Vallet
et al. 2006; Tabacchi et al. 2011; Bornand et al. 2023;
Santiago-Garcia 2025). Local-scale volume models
for natural forests are preferred over generic mod-
els, as volume estimates should be calculated accord-
ing to forest type, respecting species composition
and structure (de Souza et al. 2024; Santiago-Gar-
cfa 2025). Moreover, when estimating the volume
of different tree components (stem and branches),
it is essential to consider the property of additivity,
which ensures mathematical consistency between
the parts and whole-tree volume by recognising the
inherent correlations among the measured compo-
nents (Parresol 2001; Dong et al. 2014).

Additive volume models enable detailed disaggre-
gation of volume by structural component and are
especially useful in contexts requiring consistency
between partial and total estimates. In the forestry
literature, non-linear seemingly unrelated regres-
sion (NLSUR) has proven to be an effective tool for
modelling both biomass (Parresol 2001; Brandesis
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et al. 2006; Dong et al. 2014; Zhao et al. 2017) and
volume in an additive and compatible manner (Var-
gas-Larreta et al. 2017; Behling et al. 2019; Wang
et al. 2024). This methodology is flexible and power-
ful, as it allows each component model to use its own
set of independent variables and weighting functions
to address heteroscedasticity, which reduces estima-
tor variance and improves the overall accuracy of the
system (Parresol 2001; Dong et al. 2014).

Pinus ayacahuite Ehrenb. ex Schltdl. and Pinus
douglasiana Martinez are representative species
of the temperate forest of Ixtlan de Judrez in the
Sierra Norte of Oaxaca, Mexico, and possess high
commercial value (Santiago-Garcia et al. 2020b).
However, most local volume equations used in for-
est management plans estimate only stem volume
(Ramirez-Martinez et al. 2016; Santiago-Garcia
et al. 2020a). Current forestry regulations (NOM-
152-SEMARNAT-2023) stipulate that volumetrics
must be estimated at the whole-tree level, including
branches. Therefore, models that comprehensively
account for the volume of all tree components are
necessary.

The use of outdated volume equations may result
in biased estimates, potentially causing economic
losses for forest producers or greater environmen-
tal impacts by necessitating the felling of more
trees to meet authorised harvest volumes (Melchor
et al. 2010). Ramirez-Martinez et al. (2016) empha-
sise that volume models must be developed specifi-
cally for each species and location to avoid errors
in stock estimation and the application of silvicul-
tural treatments.

In the Sierra Norte of Oaxaca, Mexico, volume
equations have been developed for various species
with a regional focus (Vargas-Larreta et al. 2017);
however, the community of Ixtlan de Judrez — rec-
ognised as a model of community-based forest-
ry (Santiago-Garcia et al. 2022) — requires tools
adapted to local conditions. These tools must reli-
ably estimate timber volume based on the specific
characteristics of the landholding to fulfil produc-
tion, conservation, and monitoring objectives.

In the absence of local tools for compatibly quan-
tifying whole-tree volume in the communal forests
of Ixtldn de Judrez, Oaxaca, this study aimed to de-
velop additive volume systems for P. ayacahuite and
P. douglasiana, to improve the precision of timber
volume estimation and provide robust, up-to-date
tools to support the planning and execution of sus-
tainable forest management.
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MATERIAL AND METHODS

Study area. The study was conducted in the com-
munity of Ixtlan de Judrez, located northwest of the
city of Oaxaca, in the Sierra Norte de Oaxaca,
Mexico. The area is located between the following
coordinates: 17°16'48"N—-17°40'48"N, 96°15'00"W—
96°31'48"W. (Figure 1). The communal forest covers
an area of 19 310 ha, and its predominant vegeta-
tion corresponds to pine-oak forest (Pinus-Quer-
cus), typical of the temperate mountainous zones
of the region (Santiago-Garcia et al. 2022).

According to the Koppen climate classification,
modified by Garcia (1987), the climate of the re-
gion is classified as a humid temperate climate with
summer rainfall, characteristic of mid- to high-alti-
tude areas in the Sierra Norte.

Sampling. The sampling involved selecting
55 individual P. ayacahuite trees and 65 P. doug-
lasiana trees, covering a wide range of age, di-
ameter, and height classes. These trees were
considered ideal for fitting allometric models,
as they were healthy and vigorous, with straight
stems and no forks, located in harvested areas
within the communal forest.

The sampling strategy followed the recommenda-
tions of Torres and Magana (2001), who propose
a minimum of 50 trees per species to ensure reli-
able allometric equation fitting. This methodology
is also consistent with recent studies, such as those
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-96°19'12"

-96°19'12"

by Lee et al. (2017) and Santiago-Garcia (2025),
which employ similar sample sizes for developing
volume models.

To ensure the representativeness of the data, the
diameter distribution of the sample was verified
to follow a normal distribution (Figure 2), using the
Shapiro-Wilk test (Shapiro, Wilk 1965). This sup-
ported the statistical validity of the data used for
the model fitting.

Data collection. The selected trees were felled
using directional felling techniques to avoid dam-
aging the remaining vegetation. Once on the
ground, each tree was segmented into stem, top,
and branches. The stem logs were measured ac-
cording to the commercial lengths of 2.62 m and
1.25 m, complemented with shorter sections at the
tree base to better capture stem form. Additionally,
tops and branches with a basal diameter of 5 cm
or more were included (Figure 3), following the
protocol described by Vargas-Larreta et al. (2017).
All diameters were measured over bark, ensuring
consistency with methods commonly used in vol-
ume studies.

Table 1 summarises the descriptive statistics
of the sample used to develop the additive volume
systems for P ayacahuite (n = 55) and P. dougla-
siana (n = 65). Although both species presented
similar average values in their mensurational vari-
ables, P. douglasiana exhibited greater variability
in the volume of structural components.

-96°15'0"
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Figure 1. Location of the communal forest of Ixtlan de Judrez, Oaxaca, Mexico
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Figure 2. Diameter distribution of the sample used for fitting the additive volume systems: (A) Pinus ayacahuite,

(B) Pinus douglasiana

Volume calculation. Volume was calculated
by sections, using Smalian's formula for interme-
diate or neiloid-shaped logs, see Equation (1); the
cone formula for the top section was calculated ac-
cording to Equation (2) (Ozcelik et al. 2016; Var-
gas-Larreta et al. 2017):

Y SO + Sl
= l 1
540 ooo[ 2 j )
b S
V.= — 1
S 40 ooo( 3 j 2)
where:
V, — volume of the section (m3);
So — initial cross-sectional area (m?);
S, — final cross-sectional area (m?2);
l — length of the log (m).

Total stem volume over bark was obtained
by summing the volumes of all sections (excluding
the stump) and the top. Branch volume was calcu-
lated using the same procedure, considering sec-
tions with a basal diameter equal to or greater than
5 cm. Finally, whole-tree volume (m?) was obtained
by summing the stem volume over bark and the
branch volume (Corral-Rivas et al. 2017; Vargas-
Larreta et al. 2017).

Additive volume equation systems. The de-
velopment of additive equation systems, both for
one- and two-entry models, began by selecting in-
dividual volume equations that demonstrated the
best statistical performance and biological plau-
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sibility. This selection was based on a preliminary
fitting of multiple models commonly used in forest
biometrics (Avery, Burkhart 2002; Diéguez-Aran-
da et al. 2003). The best-fitting model for one-
entry systems was the Berkhout model, as shown
in Equation (3), while for two-entry systems, the
Schumacher-Hall model, as shown in Equation (4),
was selected due to its statistical robustness and
compatibility with tree growth patterns:

V =By x DBHP! (3)
V =By x DBHP x HP> (4)
where:

v — volume (m3);

B, — model parameters;

DBH - diameter at breast height (cm);

H — total tree height (m).

In the additive volume systems for both one-
entry Equations (5-7) and two-entry models ac-
cording to Equations (8—-10), simultaneous fitting
of stem, branch, and whole-tree volumes was con-
ducted (Parresol et al. 2001):

V,, =Bo x DBH? (5)
V,, =e % x DBH" (6)
Vs =Box DBHP! +¢7% x DBH* (7)
V,, =Box DBHP1 x HP: (8)
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V,, =e 0 x DBH™ 9)
Vs =Box DBHP x HP2 +¢7% x DBH® (10)
where:

V, - stem volume over bark (m?);

V,,  — branch volume over bark (m?);

V,. — whole-tree volume over bark (m3).

Data analysis. The statistical fitting of the addi-
tive volume systems was carried out using NLSUR,
with the MODEL procedure of the SAS/ETS soft-
ware package (Version 9.4, 2013; SAS 2013). This
methodology, based on the approach proposed
by Zellner (1962), allows the simultaneous fitting
of multiple related equations, assuming that the
errors are independent over time while permitting
contemporaneous correlations across equations.

NLSUR use is appropriate for developing addi-
tive volume systems because it ensures compatibil-
ity between the individual components (stem and
branch volumes) and the whole-tree volume, re-
specting the biological constraints inherent to the

commercial
measurement

commercial

measurement

0.30 m

0.30 m

stump
height

Figure 3. Schematic representation of data collection and

tree structure (Parresol 2001). Moreover, this tech-
nique enhances the efficiency of the estimators
by exploiting the information contained in the er-
ror covariances across equations, resulting in more
precise parameter estimates compared to sepa-
rate estimations (Zellner 1962; Dong et al. 2015).
During model fitting, explicit additive constraints
were specified in the MODEL procedure to en-
sure that the total volume equalled the sum of its
components.

For the goodness-of-fit analysis, accuracy, vari-
ability, and relative error statistics were considered
(Table 2), including the following: adjusted coef-
ficient of determination (R}), root mean square
error (RMSE), mean absolute error (MAE), Akaike
information criterion (AIC), total relative error
(TRE), and mean percent standard error (MPSE)
(Poudel, Cao 2013; Ozcelik et al. 2016; Zeng
et al. 2017; Ogana, Ercanli 2022).

Heteroscedasticity correction was conducted
by applying a variance-weighting function to the re-
siduals, following the specification of Balboa-Mu-
rias et al. (2006), Quifionez-Barraza et al. (2014),
and Dong et al. (2015), as shown in Equation (11).

Section n

<5m

tip
Section 6

Section 5

Section 4

<3m
Section 3

Section 2 branches

Section 1

segmentation of sampled trees into structural components
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Table 1. Descriptive statistics of the sample used for constructing the additive volume systems

Variable n Mean Minimum Maximum Variance SD
Pinus ayacahuite

H 26.72 9.88 33.37 2291 4.79
DBH 38.36 9.40 71.00 187.28 13.69
V. 55 1.60 0.04 4.81 1.21 1.10
Vi, 0.09 0.00 0.45 0.01 0.10
Vi 1.69 0.04 5.26 1.42 1.19
Pinus douglasiana

H 24.90 9.74 33.09 31.83 5.64
DBH 38.16 10.35 74.00 196.52 14.02
V4 65 1.71 0.05 5.92 1.81 1.34
Vyr 0.17 0.00 1.35 0.06 0.24
V. 1.87 0.05 6.80 2.43 1.56

wt

H - total tree height (m); DBH — diameter at breast height (cm); V,, — stem volume over bark (m?); V,,. — branch volume

over bark (m?); V,,, — whole-tree volume over bark (m?); n — sample size; SD — standard deviation

‘ resid. V.,
resid.V, = ———~= (11)
()
()]
where:
V., — volume of the component;
x; — independent variables;
® — weighting function parameter.

The o parameter was estimated for each vol-
ume equation, either iteratively or through loga-
rithmic linear regression of the residuals from the
unweighted model: In (é) = a + ® x In(x;) (Har-
vey 1976; Balboa-Murias et al. 2006). The vari-
able x; corresponded to DBH in the one-entry
system and to DBH x H in the two-entry system,
where V, represents the volume of the component:
stem, branches, or whole tree.

The homoscedasticity assumption was veri-
fied using White's test (White 1980). To evaluate
the predictive performance of the equations, lin-
ear regression was conducted between observed
(y-axis) and predicted (x-axis) volume values,
using the 1:1 line as a reference (Pifieiro et al. 2008).
Additionally, the models were graphically assessed
by superimposing the predicted values on observed
data and by verifying the biological consistency be-
tween the whole-tree volume curve and the corre-
sponding stem-volume curves.

Model selection. The best-fitted models, both sin-
gle- and two-entry, were selected using the relative
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Table 2. Statistical indicators for evaluating the goodness-
of-fit of the additive volume systems

Statistic Expression

Adjusted coeflicient
of determination

Root mean
square error

Mean absolute
error

n
MAE=—"3;~|
i=1

n A \2
Akaike information AIC=2p+nin Zizl(yi _J’i)

criterion n

Total relative
error -

Mean percent
standard error

MPSE = x100

¥, v, ¥; — predicted, observed, and mean values of volume,
respectively; n — total number of observations used for model
fitting; p — number of model parameters
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ranking method proposed by Poudel and Cao (2013)
and applied in recent studies by Ogana and Ercan-
li (2022), He et al. (2022), and Jha et al. (2023). This
approach enables an objective comparison of mod-
els based on multiple goodness-of-fit statistics.
The relative rank for each model i was calculated us-
ing Equation (12):

Ri:1+(m—1)xw (12)
max min

where:

R, — relative rank of model i (i = 1, 2, ..., m);

m — number of models evaluated;

S; — value of the goodness-of-fit statistic
for model i;

S S — the minimum and maximum values

min? max

of the statistic S,, respectively.

This procedure was applied to each of the statis-
tics listed in Table 2. The relative ranks obtained
by each model for the different fit criteria were
then summed. The model with the lowest total
sum of relative ranks was considered the best fit-
ted, as it reflected the most consistent performance
across all evaluated indicators.

RESULTS

Additive systems for P. ayacahuite. Table 3
presents the goodness-of-fit statistics and estimat-

ed parameters of the single- and two-entry additive
volume systems developed for P. ayacahuite. Over-
all, the evaluated equations demonstrated good
predictive performance, with adjusted coefficients
of determination (RZy) ranging from 0.797 to 0.993,
indicating a high capacity to explain the variability
of the data. Among the modelled components, the
equations corresponding to branch volume showed
the lowest R} values, explaining approximately
80% of the total observed variability in both single-
and two-entry systems. All estimated parameters
were statistically significant (P < 0.0001) at a sig-
nificance level of a = 0.05, supporting the validity
of the model fits.

According to the relative rank-sum criterion, the
two-entry additive system achieved the lowest to-
tal rank sum and was thus considered the most ap-
propriate approach for estimating component-wise
tree volume. This system enables the prediction
of stem volume, branch volume, and whole-tree
volume (V,,) based on diameter at breast height
(DBH) and total height (H) (Table 3).

The predicted values adequately followed the
trend of the observed data, confirming the high pre-
dictive capability of the models. Additionally, the
comparison between stem volume and whole-tree
volume exhibited a biologically consistent pattern,
with stem volume systematically lower than V,,.
This pattern ensures accurate and consistent esti-
mates in scenarios in which only DBH is available
and when DBH and H are used jointly (Figure 4).

Table 3. Goodness-of-fit statistics and parameter estimates of the single- and two-entry additive systems for Pinus ayacahuite

sAyifeiglve Variable R%, RMSE MAE  AIC ~ TRE MPSE 3R Estimator ~ SE  Pr> |t
Ve 0975 0.174 0.135 -189.073 -0.076 10.449 12 B, 0.000608 0.000105 < 0.0001
Single- Vi, 0.797 0.047 0.034 -333.845 -0.583 77.334 11 B, 2.121305 0.045500 < 0.0001
entry* Ve 0975 0.189 0.147 -177.261 -0.104 10941 11 «a, 14.00654 0.906000 < 0.0001
- - - - - - - - a; 3.093948 0.225700 < 0.0001
Vi 0.993 0.090 0.064 -258.947 -0.672 5233 6 Bo  0.000068 0.000013 < 0.0001
Vi, 0.798 0.047 0.034 -333.967 -1.721 74.058 7 B,  1.786801 0.034400 < 0.0001
Zr‘:i?;'* Vi 0.990 0.119 0.084 -226.202 -0.730 6.767 7 B, 1.032992 0.079400 < 0.0001
- - - - - - - - a, 13.679420 0.832400 < 0.0001
- - - - - - - - a; 3.012850 0.207600 < 0.0001
*The H, of the White test is not rejected; V,, — stem volume over bark (m?%); V,, — branch volume over bark (m3);

V.« — whole-tree volume over bark (m?); R%;; — adjusted coefficient of determination; RMSE — root mean square error;

MAE — mean absolute error; AIC — Akaike information criterion; TRE — total relative error; MPSE — mean percent standard

error; YR — relative rank value of each model; a,, p,, — model parameter estimates; SE — standard error; Pr > || — probability

of observing the t-value under H, (smaller values indicate stronger evidence against it)
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Figure 4. Comparison between predicted and observed volumes for Pinus ayacahuite: stem volume (A, B), whole-tree
volume (C, D), and the relationship between stem volume and whole-tree volume (E, F), using the single-entry (A, C, E)
and two-entry (B, D, F) additive systems, respectively
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Figure 5. Comparison between predicted and observed volumes for Pinus douglasiana: stem volume (A, B), whole-tree
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and two-entry (B, D, F) additive systems, respectively
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Figure 6. Comparison between observed and predicted values for stem volume (A, D, G, and J), branch volume (B, E, H,
and K), and whole-tree volume (C, F, I, and L), using single-entry (A—C and G-I) and two-entry (D-F and J-L) additive
volume systems for Pinus ayacahuite (A-F) and P. douglasiana (G-L), respectively
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Table 4. Goodness-of-fit statistics and parameter estimates of the single- and two-entry additive systems for Pinus

douglasiana
Additive . .
system Variable R%;, RMSE MAE AIC TRE MPSE YR Estimator SE Pr> |t|
Ve 0966 0.250 0.182 -177.426 -0.112 12915 12 B, 0.000410 0.000087 < 0.0001
) . Ve 0839 0097 0059 -300921 3.587 54.699 9 B:  2.242144  0.054500 < 0.0001
Single-entry w0969 0277 0.189 -160.765 0.203 12.530 11 «, 16.852790 0.762600 < 0.0001
- - - - - - - - a; 3.951537 0.186200 < 0.0001
Ve 0979 0195 0.115 -207.641 -0403 6.546 6 Bo  0.000062  0.000009 < 0.0001
Vv, 0839 0.097 0.057 -300.839 4.617 52.766 9 B 1.986211  0.055600 < 0.0001
Two-entry* V,, 0981 0.218 0.140 -190.326 0.020 7.304 7 B, 0.864927  0.090100 < 0.0001
- - - - - - - - a, 15.814550 1.019800 < 0.0001
- - - - - - - -  a; 3.687032 0.253200 < 0.0001

*The H, of the White test is not rejected; V,, —

stem volume over bark (m®); V,, — branch volume over bark (m?);

V.« — whole-tree volume over bark (m?); R%;; — adjusted coefficient of determination; RMSE — root mean square error;

MAE — mean absolute error; AIC — Akaike information criterion; TRE — total relative error; MPSE — mean percent standard error;

YR - relative rank value of each model; a,, p,, — model parameter estimates; SE — standard error; Pr > |t| — probability

of observing the t-value under H, (smaller values indicate stronger evidence against it)

Additive systems for P. douglasiana. The ad-
ditive volume systems evaluated for P dougla-
siana explained between 83.9% and 98.1% of the
total observed variability, with all parameter esti-
mates statistically significant (P < 0.0001) (Table 4).
As observed for P. ayacahuite, the branch volume
model yielded the lowest adjusted coefficient of de-
termination (R?y), with a value close to 84% in both
systems.

Based on the total relative rank criterion, the
two-entry additive system exhibited the best over-
all performance (Table 4) and was therefore con-
sidered the most suitable approach for volume
estimation in this species. The comparison between
observed and predicted values revealed a high de-
gree of agreement and followed the expected trend.
The relationship between stem volume and whole-
tree volume remained biologically coherent, with
stem volume consistently lower than whole-tree
volume, thereby validating the mathematical and
biological consistency of the fitted models. These
findings support the reliability of the proposed
additive systems for estimating tree volume us-
ing either diameter at breast height (DBH) alone
or in combination with total height (H) (Figure 5).

Figure 6 shows the regression fit between ob-
served and predicted volume values for both P. ay-
acahuite and P. douglasiana, across stem, branch,
and whole-tree components. In both the stem
volume and whole-tree volume models, the coef-

ficient of determination (R?) exceeded 97%, indi-
cating strong agreement between predictions and
observed values and demonstrating the robustness
and reliability of the fitted systems.

DISCUSSION

In this study, additive volume systems were de-
veloped for P. ayacahuite and P. douglasiana by for-
mulating simultaneous univariate and bivariate
equations. The first system employed only diam-
eter at breast height (DBH) as a predictor variable,
whereas the second incorporated both DBH and to-
tal height (H), recognising the combined influence
of these dimensions on tree-volume estimation.

Parameter estimation was carried out using the
NLSUR method, which enabled efficient simulta-
neous fitting of all equations within the system. Ad-
ditionally, to correct for heteroscedasticity in the
residuals, an adaptive weighting scheme was imple-
mented, whereby each observation was assigned
a weight inversely proportional to the estimated
variance of its error.

Based on the RMSE values, the two-entry sys-
tems outperformed their single-entry counter-
parts, reducing the estimation error for whole-tree
volume by 37% in P. ayacahuite and 21% in P. doug-
lasiana (Tables 3 and 4). This behaviour is consis-
tent with findings reported by Ramirez-Martinez
et al. (2018) and Mondrrez-Gonzélez et al. (2024),
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who observed significant accuracy improvements
when incorporating both DBH and H into volume
equations for coniferous species.

The comparison between observed and predicted
values revealed a consistent linear relationship, with
coefficients of determination (R?) exceeding 0.97
for stem and whole-tree volume components, indi-
cating that the models explained a high proportion
of the observed variability (Pifieiro et al. 2008). This
high level of agreement reflects the robustness and
reliability of the obtained estimates. In contrast, the
branch component yielded an R? of approximate-
ly 0.84, which, although acceptable, highlights the
inherent difficulty in accurately modelling branch
volume in conifers. For example, Guzman-Santiago
et al. (2020) obtained R? values ranging from 0.25
to 0.49, while Corral-Rivas et al. (2017) reported
R? values from 0.64 to 0.70.

The proportion of volume contributed by the
branches is relevant for improving the accuracy
of forest inventories, especially when non-com-
mercial fractions are included. In P ayacahuite,
branches accounted for an average of 5.5% in the
best-performing system (two-entry). For P. dougla-
siana, this proportion was higher, at 9.0%. These
results are consistent with those of Santiago-Gar-
cia (2025), who estimated that, on average, coarse
branches accounted for 6.4% in P. patula and 5.6%
in P pseudostrobus, also noting an increasing
trend in higher diameter classes. A detailed under-
standing of these fractions improves the accuracy
of total volume calculations and enables more pre-
cise estimates of the available merchantable wood.

In the two-entry additive system, total height (H)
proved as an essential variable for improving the
precision of volume estimation. However, field
measurement of H is costly and time-consuming
compared to DBH. To optimise this process, lo-
cal, global, and generalised height—diameter mod-
els calibrated at the species and study area level
may be used (Lépez-Villegas et al. 2017; Santiago-
Garcia et al. 2020b). These equations allow for the
indirect estimation of H, which can significantly
streamline the calculation of whole-tree volume
and its components.

The volume model used to construct the two-
entry additive system corresponds to the Schum-
acher-Hall equation, which explained more than
98% of the observed variability in the data (Tables 3
and 4). This equation has demonstrated high re-
liability and precision in estimating the volume
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of various coniferous and broadleaf species across
different regions of the world (Vargas-Larreta
etal. 2017; de Lima et al. 2020; de Souza et al. 2024).
In recent years, its application has been extended
through simultaneous fitting with taper functions
for estimating merchantable volume, which has
enhanced the characterisation of timber resources
(Corral-Rivas et al. 2017; Zhao et al. 2017).

The relative ranking criterion proved to be an ob-
jective and effective tool for selecting the best-
performing model among the evaluated systems
(Poudel, Cao 2013; Ogana, Ercanli 2022). By in-
tegrating multiple goodness-of-fit statistics into
a unified framework, it identifies the most suitable
option based on overall performance rather than
individual metrics. In this study, the two-entry
additive system consistently achieved the lowest
relative rank values, thus confirming its superior
predictive ability.

Although two-entry additive systems offer greater
accuracy by including H as an explanatory variable,
the results from the single-entry system should
not be disregarded. The single-entry system's main
advantage lies in requiring only DBH to estimate
volume, which simplifies its use in the field. How-
ever, its applicability depends on the required level
of precision in volume and component estimation
(Ramirez-Martinez et al. 2018).

Volume is a key indicator for quantifying for-
est biomass and assessing the role of forests in the
carbon cycle and the provision of ecosystem ser-
vices. Recent studies have found that volume equa-
tions properly calibrated for each species allow for
highly accurate estimation of both biomass and
stored carbon in trees (Balboa-Murias et al. 2006;
Ordoéiiez-Prado et al. 2024). These equations play
a fundamental role in forestry and forest manage-
ment, as they form the basis for harvest planning,
inventory design, and estimation of timber yield
(Santiago-Garcia et al. 2020a).

Beyond their statistical robustness, additive vol-
ume systems offer several practical advantages:
they ensure internal consistency among volume
components, reduce the propagation of estimation
errors, and allow flexible application across a wide
range of tree sizes and stand conditions. The pro-
posed additive systems represent a sound alterna-
tive for accurate and biologically consistent volume
estimation in P. ayacahuite and P. douglasiana, and
their adoption can significantly strengthen deci-
sion-making processes in forestry practice.
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To further improve estimation accuracy, the
adoption of artificial intelligence (AI) techniques
has emerged as a promising alternative for ana-
lysing complex data and identifying non-linear
patterns (Huy et al. 2022; Seely et al. 2025). Ma-
chine learning algorithms, such as neural net-
works and random forests, offer the potential
to integrate multiple sources of information, in-
cluding remote sensing data and dendrometric
variables, to achieve more accurate predictions
(Liu et al. 2023; Santiago-Garcia 2025). Neverthe-
less, the use of Al in forest management remains
in a developing phase, constrained by the need for
validation data and the black-box nature of mod-
els, which limits their interpretability and accep-
tance by end users (Damasevicius et al. 2024).
In this context, traditional allometric models re-
main the most practical and extensively validated
option for volume estimation, given their sim-
plicity, moderate data requirements, and broad
empirical support (Burkhart, Tomé 2012; Zeng
et al. 2017; Behling et al. 2019).

CONCLUSION

Single- and double-entry volume systems are es-
sential tools for estimating the volume of standing
trees. In this study, the additive double-entry sys-
tems based on the Schumacher-Hall model dem-
onstrated superior performance in estimating both
whole-tree volume and its structural components;
therefore, their preferential application is recom-
mended. The simultaneous fitting of equations
significantly improved the goodness-of-fit sta-
tistics and the precision of the estimated param-
eters. The recommended ranges of application for
both species are DBH between 9 and 75 cm, and H
between 9 and 34 m. Consequently, the models
developed using DBH and H represent a robust al-
ternative for accurately quantifying timber stocks
in the forest harvesting areas of Ixtlin de Judrez,
Oaxaca, Mexico.
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